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ABSTRACT  ;  /  ,  /  '  '  ' 

The  origins  of  residual  stress  and  changes  during  fatigue 
are  discussed.  A  new  mechanism  for  fading  is  proposed.  Practical 
(destructive  and  non-destructive)  methods  for  measuring  this  stress 
are  critically  reviewed.  Each  technique  has  major  problems  requir¬ 
ing  further  study,  but  acoustic,  magnetic  and  x-ray  methods  are  all 
poised  for  more  widespread  use. 

INTRODUCTION 

This  is  an  important  and  timely  conference  because  we  are  on 
the  verge  of  making  important  steps  in  measuring  residual  stress, 
in  standardizing  the  procedure  and  in  understanding  the  role  this 
stress  plays  in  many  processes,  especially  how  it  changes  during 
use.  This  week,  in  these  pleasant  surroundings,  we  have  the  unusual 
opportunity  to  hear  from  people  around  the  world  about  this  subject 
and  the  responsibility  to  discuss  key  issues  openly  and  vigorously; 
at  such  a  meeting  our  participation  is  more  vital  than  the  presen¬ 
tations.  In  this  introduction  to  the  conference  we  hope  to  empha¬ 
size  some  of  the  issues.  Fortunately,  we  do  not  also  have  to  provide 
the  answers. 

THE  ORIGINS  OF  RESIDUAL  STRESS 

We  can  define  residual  stress  as  the  self -equilibrating  internal 
stress  existing  in  a  free  body  when  no  external  tractions  are  applied. 
At  equilibrium  the  integral  of  this  stress  in  the  volume  of  the  body 


must  be  null,  and,  as  well,  the  integral  over  any  plane  through  the 
specimen.  In  Fig.  1,  two  parts  of  such  a  body  that  we  will  refer 
to  as  “bulk"  and  "near  surface"  regions  are  shown  separated.  Suppose 
that  for  some  reason  the  near-surface  is  elongated  plastically.  Then 
it  is  compressed  elastically  to  join  it  to  the  bulk  and  released. 

The  bulk  puts  this  region  under  compression,  while  the  near-surface 
exerts  tension  on  the  bulk.  Bending  can  result,  depending  on  the 
magnitude  of  the  stress  and  relative  thicknesses  of  the  layers.  In 
almost  every  real  situation  we  can  think  of  residual  stress  arises 
in  this  manner. 

Residual  stress  can  arise,  for  example,  when  a  material  is 
subjected  to  heat  treatment  or  machining.  Consider  first  a  material 
that  undergoes  no  change  in  crystal  structure  during  heat  treatment. 

If  aluminum  is  cooled  quickly  from  a  heat  treatment,  the  surface  and 
the  interior  contract  at  different  rates,  as  illustrated  in  Figure 
2a.  At  some  time.  A,  this  difference,  coupled  with  low  material 
yield  strength  associated  with  the  high  temperature,  induces  plastic 
flow  or  permanent  yielding.  The  surface  region,  which,  because  of 
the  temperature  gradient,  contracts  on  cooling  more  than  the  interior, 
is  extended  by  the  interior  and  vice  versa,  (Note  the  increase  in 
length  in  the  surface,  A  in  Figure  2a.)  This  is  a  real  effect;  for 
iron-base  materials  the  product  of  Young's  modulus  and  coefficient 
of  expansion  yields  a  stress  of  3.5  MPa  (.5  ksi)  per°C  difference 
in  temperature  between  two  such  regions. 

On  continued  cooling  to  room  temperature,  point  B,  the  surface 
regions  have  been  extended  relative  to  the  interior  and  consequently 
end  up  in  compression.  Residual  compressive  stress  in  the  surface 
must  be  overcome  by  the  applied  load  to  initiate  cracks,  and  thus 
the  presence  of  surface  compressive  stress  is  a  highly  favorable 
condition. 

Heat  treatment  does  not  always  produce  surface  compressive 
stress.  If  a  material  undergoes  a  phase  transformation,  as  in 
the  hardening  of  steel  associated  with  martensite,  the  local  yielding 
is  essentially  masked  by  the  volume  expansion  associated  with  the 


Fig,  1.  If  the  near  surface 
region  is  longer  than  the 
bulk  compressive  residual 
stress  occurs  at  the  sur¬ 
face,  tensile  residual 
stress  in  the  bulk. 
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austenite  to-martensite  phase  change.  The  result  is  illustrated 
schematically  by  the  cooling  curve  in  Fig#  2b.  At  temperature  A 
the  surface  region  transform  to  martensite  and  expands,  since  it 
reaches  the  transformation  temperature  first.  The  interior  composed 
of  low  strength  austenite  deforms  plastically  to  accomodate  this 
change.  At  B  the  interior  transforms  to  martensite  producing  an 
expansion  which  is  resisted  by  the  high  strength  martensite  surface. 

At  C,  near  room  temperature,  the  surface  is  thrown  into  tension  by 
the  interior,  producing  surface  residual  tensile  stress*  which  can 
contribute  to  crack  Initiation  and  propagation.  The  origin  of  this 
stress  is  much  more  complex  in  a  steel  that  is  case  hardened  and 
undergoes  different  transformations  at  different  temperatures  during 
cooling.  In  Prof.  Ericsson’s  chapter  this  is  discussed  in  detail. 

Stress  relief  annealing  at  moderate  temperatures  is  often  em¬ 
ployed  to  allow  local  yielding  to  occur,  thereby  minimizing  or 
eliminating  residual  stress.  However,  care  is  needed  because  even 
differences  in  the  coefficients  of  expansion  between  the  carbide 
and  ferrite  phases  in  steel  can  lead  to  significant  stress  if  the 
parts  are  not  cooled  slowly  after  this  treatment. 

Another  way  to  produce  compressive  stress  in  the  near-surface 
region  Is  to  shot  peen  the  surface.  In  this  process,  high  velocity 
shot  causes  local  plastic  yielding  In  the  surface,  which  Is  extended 
relative  to  the  interior.  The  interior  acts  to  constrict  the  surface 
resulting  in  high,  local  compressive  residual  stress  in  the  surface 
balanced  by  tensile  stress  within  the  interior,  Figure  2c.  Prof. 

Wohlfart  covers  this  topic,  as  well  as  Mr.  Canmett. 

In  fact  even  a  tensile  extension  of  a  specimen  into  the  plastic 
region  can  produce  stress.  If  the  surface  is  harder  than  the  in¬ 
terior  because  of  defect  pileup  occurring  during  plastic  extension, 
then  on  release  of  the  load  (at  A  in  Figure  2d),  elastic  recovery 
leaves  the  surface  shorter  than  the  interior,  resulting  in  surface 
tensile  stress.  (The  reverse  occurs  when  the  surface  is  softer  than 
the  interior.)  In  a  forming  operation,  such  as  rolling,  the  surface 
can  be  extended  more  than  the  interior  due  to  friction  at  the  rolls, 
as  illustrated  in  Figure  2e,  resulting  in  compression  in  the  surface. 

The  magnitude  of  the  stress  is  a  function  of  the  thickness  of  the 
piece,  the  roll  size  and  the  degree  of  reduction. 

Another  important  cause  of  residual  stress  is  welding,  as 
illustrated  in  Figure  2f.  Contraction  of  molten  weld  metal  during 
solidification  is  resisted  by  colder  surrounding  metal  resulting  in 
the  stresses  illustrated  in  the  figure.  (For  further  information 
on  stresses  in  this  process  see  ref.  2.)  Prof.  Masubuchi  reviews 
this  matter  in  this  volume.  From  these  examples  (see  also  refs.  3-5) 
it  is  clear  that  residual  stress  in  materials  arises  not  only  in 
processing,  but  also  in  use.  In  Fig.  3,  we  show  some  examples  of 
how  even  ordinary  surface  preparation  can  produce  a  large  stress. 
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Fig.  3.  Residual  stress 
in  an  HSLA  steel  due  to 
surface  preparation.  From 
ref.  6. 


Unfortunately,  in  too  many  cases  residual  stress  is  ignored,  or 
it  is  assumed  that  additional  treatment  has  either  eliminated  it 
or  introduced  compressive  stress.  To  further  complicate  the  issue, 
not  only  will  '’macros tress”  develop  in  different  regions  of  the 
same  piece,  but  "micros tress11  can  arise  in  microscopic  regions, 
such  as  between  the  phases  of  a  multiphase  material.  The  magnitude 
of  this  stress  can  be  a  significant  portion  (half  or  more)  of  the 
ultimate  tensile  stress  of  the  annealed  material.  Prof.  Hauk  pre¬ 
sents  information  on  this  matter. 

CHANGES  IN  RESIDUAL  STRESSES  DURING  USE 

Many  of  our  speakers  are  concerned  with  this  topic.  As  an  ex¬ 
ample  we  will  consider  the  fatigue  process,  first  reviewing  what  is 
known, and  then  proposing  a  qualitative  rationale  for  the  observed 
behavior. 

In  low  cycle  fatigue  of  a  rolled  HSLA  steel,  Quesnel  et  al,^ 
found  that  residual  stress  changed  sign  each  half  cycle,  being 
opposite  in  sign  to  the  sign  of  the  applied  load  before  load  release. 
In  Table  I  we  summarize  investigations  on  plain  carbon  steels  in 
high-cycle  fatigue.  A  clear  pattern  emerges.  Below  the  fatigue 
limit  with  annealed  specimens,  compressive  stress  forms  and  saturates. 
In  one  study-^  this  stress  was  found  to  occur  only  in  deformation 
markings.  Above  the  fatigue  limit,  this  residual  stress  develops 
and  then  decreases  until  fracture.  For  specimens  that  are  shot 
peened,  relaxation  occurs  at  all  stress  levels  and  is  most  rapid 
in  the  early  stages  of  fatigue.  In  tension- tension  fatigue  of  a 
shot  peened  piece  the  stress  can  even  reverse  sign  and  become  tensile, 
a  clearly  detecterous  effect.  Much  more  work  is  needed  with  various 
load  histories  as  most  previous  work  is  in  bending  or  torsion.  How¬ 
ever  we  consider  here  the  data  currently  available. 

Fading  is  often  attributed  to  microcrack  formation,  although 
there  is  as  yet  little  evidence  for  this.  Another  interpretation 
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by  Taira's  groups*  19  that  the  residual  stress  forms  in  annealed 
specimens  due  to  elongation  of  the  near-surface  region  from  excess 
vacancies  formed  during  cycling.  This  continues  until  work  harden¬ 


ing  saturates,  at  which  time  the  maximum  compressive  stress  occurs. 
Additional  cycles  produce  deformation  of  deeper  layers,  resulting 


in  relaxation.  Thus, relaxation  should  occur  only  in  tensile  cycles. 
However  no  relaxation  is  observed  in  this  case;  see  Table  I.  James^O 


suggest  that  stress  can  relax  due  to  microplasticity  in  the  near¬ 
surface  region  (see  the  chapter  by  James).  As  the  surface  is  ini¬ 
tially  in  compression,  the  relief  would  occur  only  in  a  compressive 
half  cycle.  However  peened  specimens  do  show  stress  relief  in  ten¬ 


sile  cycling,  Table  I. 


As  an  alternative  to  these  theories,  we  propose  the  following 
qualitative  rationale.  Formation  of  compressive  stress  at  the  sur¬ 
face  can  occur  only  by: 


1.  Micro-plas tic  elongation  in  the  near-surface  region, 
with  respect  to  the  bulk;  the  bulk  is  stretched 
elastically,  and  places  the  near-surface  in  compression. 

2.  Alternatively,  micro-plastic  contraction  of  the  bulk 
will  cause  the  near-surface  region  to  be  placed  in 
compression. 


In  tension- tension  fatigue,  compressive  residual  stress  develops. 
As  no  contraction  of  the  bulk  is  possible  in  this  case,  we  can  con¬ 
clude  that  the  dominant  process  causing  the  compressive  stress  is(l). 
Stress  develops  in  the  tensile  portion  of  a  cycle. 

A  maximum  in  the  residual  stress  occurs  during  bending  fatigue 
above  the  endurance  limit,  followed  by  fading.  Fading  can  occur  if: 


1)  the  bulk  elongates  plastically  or, 


2)  the  surface  contracts  plastically. 

As  no  relaxation  appears  to  occur  in  tensile  cycling  of  annealed 
specimens,  we  can  conclude  that  relaxation  occurs  in  a  compressive 
half  cycle  and  follows  (2);  surface  elements  are  shortened. 

The  maximum  in  residual  stress  may  occur  because  the  surface 
can  sustain  only  a  certain  plasticity  without  void  formation,  or 
because  of  local  work  hardening. 


After  shot  peening,  the  observation  that  relaxation  occurs  in 
tensile  cycling  leads  us  to  believe  that  the  bulk  is  elongating 
plastically  more  than  the  (hardened)  surface. 

These  simple  qualitative  ideas  seem  adequate  to  explain  the 


known  results  and  suggest  a  number  of  interesting  experiments.  For 
example,  residual  stress  should  be  examined  after  each  half  cycle  of 
fatigue,  to  see  when  formation  and  relaxation  actually  occurs. 

Residual  stress  should  be  measured  in  the  axial  and  transverse 
directions,  and  in  a  direction  normal  to  the  surface.  Such  results 
might  lead  to  an  understanding  of  why  in  some  cases  the  sign  of  the 
residual  stress  is  not  important  in  fading^  ,  whereas  in  other  cases 
it  is  clear  that  the  algebraic  sum  of  applied  and  residual  stress 
is  controlling. ^ 

THE  MEASUREMENT  OF  RESIDUAL  STRESS 

An  entire  session  is  devoted  to  this  subject,  so  here  we  only 
briefly  review  procedures,  emphasizing  especially  their  limitations, 
as  a  basis  for  discussion  in  subsequent  sessions. 

1)  Destructive  Methods 


One  popular  procedure  is  hole  drilling  or  disection.  The  relief 
of  stress  distorts  the  region  around  the  hole  and  the  stress  is  ob¬ 
tained  from  measurements  of  this  distortion  with  strain  gauges.  Care 
is  needed  to  avoid  producing  large  stress  in  the  drilling  opera¬ 
tion.  Also,  the  hole  itself  is  a  stress  concentrator,  and  this  can 
lead  to  unwanted  local  plastic  deformat ion, contributing  to  the  distor¬ 
tion. 


Another  common  method  is  to  remove  material  by  boring  or  electro¬ 
polishing  and  to  determine  the  stress  from  measurements  of  strain  on 
the  surface  opposite  to  the  one  where  material  is  removed. 23  xn 
applying  such  methods,  problems  can  also  arise.  For  example,  if  a 
soft  material  has  a  shallow  heavily  deformed  layer,  removing  material 
may  lead  to  plastic  deformation  of  the  interior.  Furthermore,  the 
principal  stress  axes  are  not  necessarily  in  the  surface,  although 
this  is  usually  assumed. 

2)  Non-destructive  Methods 

a.  Acoustics2^ 

The  basic  idea  behind  this  method  is  that  most  solids  are 
anharraonic;  when  a  stress  is  applied  there  is  a  change  in  the 
elastic  constants.  Therefore  the  velocity  of  wave  propagation 
is  altered  by  stress.  Popular  methods  of  analyzing  stress 
include  acoustic  birefringence  involving  the  measurement  of 
velocity  or  more  precisely  the  transit  time  or  phase  difference 
in  two  directions  with  respect  to  the  stress  system.  By  vary¬ 
ing  the  frequency,  the  depth  of  sampling  can  be  varied.  Sur¬ 
face  elastic  waves  are  also  utilized.  All  such  techniques  suffer 
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from  the  fact  that  the  effective  higher-order  elastic  Ion- 
stants  are  sensitive  to  microstructure,  texture,  and  in 
some  cases  to  plastic  deformation.  Nonetheless  with  care¬ 
ful  calibration  this  method  should  be  receiving  more  atten¬ 
tion  than  has  been  the  case  to  date.  Why  is  this  so? 

24 

3)  Magnetic  Methods 

The  magnetization  curve  of  a  ferromagnetic  material  is  not  as 
smooth  as  it  is  commonly  drawn.  The  discrete  motions  of  magnetic 
domains  cause  small  sharp  changes  in  magnetization  as  the  field  is 
applied, as  shown  in  Fig.  4,  and  these  can  be  employed  to  induce 
current  in  a  nearby  pick-up  coil.  This  "Barkhausen  noise”  is 
proportional  to  stress  because  local  strain  centers  impede  domain 
motion,  altering  the  number  and  amplitude  of  the  oscillations  in 
magnetization.  As  this  explanation  implies,  local  variations  in 
dislocation  density  and  microstructure  can  alter  the  signal  as 
well  as  stress.  Also,  the  signal  saturates  at ~ 100  ksi  (tension 
or  compression) .  Despite  these  problems,  with  calibration, this 
technique  is  promising  for  field  measurements  on  steels. 

4)  Diffraction^  *  ^ 


In  Fig.  5a  the  incident  beam  diffracts  radiation  from  grains 
with  planes  parallel  to  the  surface  to  form  a  diffraction  peak, 
recorded  by  a  detector  moving  around  the  specimen.  If  there  is, 
say,  a  compressive  residual  stress  parallel  to  the  surface,  due 
to  Poisson's  effect,  these  planes  have  a  larger  spacing  (”d”)  than 
an  unstressed  specimen,  and  the  peak  occurs  at  a  lower  scattering 
angle,  according  to  Bragg's  law.  If  the  specimen  is  tilted  with 
respect  to  the  incident  beam,  Fig.  5b,  other  grains  diffract. 

These  have  planes  more  nearly  perpendicular  to  the  stress,  and 
have  their  spacing  reduced.  The  peak  is  shifted  to  higher  angle. 
These  changes  in  spacing  are  a  measure  of  the  residual  strain. 

By  combining  measurements  at  two  or  more  tilts,  the  strain  can  be 
obtained  without  knowledge  of  the  unstressed  interplaner  spacing. 
In  the  last  decade  there  have  been  numerous  developments  in  this 
technique  which  we  list  here  briefly  (see  ref.  25,26  for  further 


Fig.  4.  Left,  any  segment  of 
'  a  B-H  curve  actually  consists 
of  discrete  changes  in  B  (mag¬ 
netization)  which  can  be  sensed 
with  a  pick-up  coil.  Right: 
This  ”noise”  is  related  to 
stress . 
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details,  or  the  chapters  by  Profs.  Hauk  and  Krawitz). 
Developments  in  Equipment 

1.  Use  of  a  parallel  rather  than  a  diverging  beam,  which 
minimizes  angular  shifts  due  to  incorrect  positioning 
of  a  sample  on  a  diffractometer. 

2.  Tilting  about  a  horizontal  axis  instead  of  the  axis 
vertical  in  Fig.  5.  (The  tilt  shown  in  Fig.  5  can 
cause  the  beam  to  be  blocked  with  complex  parts.) 

3,  Automation,  to  produce  results  to  an  operator-speci¬ 
fied  precision. 

4,  The  use  of  position  sensitive  detectors  which  see  the 
entire  diffraction  peak  at  once  without  motion  of  the 
detector.  The  time  of  measurement  is  reduced  by  fac¬ 
tors  of  3-100  depending  on  the  desired  precision  and 


the  width  of  the  peak. 


5.  Portable  units  capable  of  measurements  in  the  field 
or  in  a  factory  environment,  and  in  times  of  20-30 
seconds  or  less.  This  equipment  is  usually  employed 
to  examine  residual  stress.  However,  there  are  numer¬ 
ous  practical  situations  where  a  known  load  or  torque 
is  applied  in  a  device.  With  the  availability  of  field 
instruments,  the  same  techniques  can  be  employed  to  moni 
tor  changes  in  these  applied  loads. 


Developments  in  Technique 


1.  Formulae  available  for  calculating  geometric  and  sta¬ 
tistical  errors. 


2.  Recognition  of  the  importance  of  often  making  measure¬ 
ments  of  "d"  at  several  •;  values  (see  items  below  for 
reasons)  and  that  such  measurements  can  be  made  in  the 
same  total  time  as  the  two-tilt  procedure. 

3.  The  "d"  spacing  vs  sin2^  (where  y  is  the  tilt  of  the 
specimen)  should  be  linear,  according  to  the  theory 
of  this  measurement  and  the  stress  is  obtained  from 
the  slope.  However,  oscillations  sometimes  occur  in 
MdM  vs  sin2^i  for  textured  materials.  These  oscillations 
are  due  primarily  to  elastic  anisotropy,  and  can  be 
minimized  by  the  proper  choice  of  reflection?" 


4.  The  usual  x-ray  wavelengths  employed  (Cr  ,  CoiC*) 

penetrate  a  few  tens  of  microns.  If  there  is  a  steep 
gradient,  stresses  normal  to  the  surface  are  included. 
These  lead  to  a  gradual  curvature  in  MdM  vs  s in2 ^ ,  which 
can  be  employed  to  measure  this  normal  stress,  and  to 
estimate  the  gradient  without  removing  layers.  Alter¬ 
natively,  with  different  wavelengths  different  depths 
can  be  sampled. 


3.  The  presence  of  shear  stresses  normal  to  the  surface 
in  such  gradients  can  be  detected  because  "d"  vs  sin2 ^ 
has  different  curvature  for  .  The  entire  three  di¬ 
mensional  stress  gradient  can  be  obtained.  This  can 
be  especially  important  in  studies  of  wear,  or  of  sur¬ 
face  finishing  (grinding,  etc.). 


6.  The  measurement  of  stress  in  the  bulk  is  possible  using 
high  energy  x-rays  or  neutrons.  The  procedure  is 
sketched  in  Fig.  6.  By  moving  the  receiving  slit 
different  volumes  can  be  sampled.  This  method  is 


Fig.  6.  Neutron  scattering  - 
by  moving  the  slit  as  shown 
the  stress  in  different  vol¬ 
umes  may  be  measured. 


covered  by  Prof.  Krawitz.  It  is  not  a9  imprac¬ 
tical  as  it  may  seem.  Dr.  W.  Yelon  of  University  of 
Missouri-Columbia  is  developing  packaging  for  high  in¬ 
tensity  x-ray  sources.  Such  sources  would  require  using 
a  high-order  diffraction  peak  to  keep  the  measurement 
at  high  scattering  angles  which  is  required  (for  accuracy) 
and  it  should  be  kept  in  mind  that  the  intensity  of  a 
diffraction  peak  from  a  polycrystalline  specimen  falls 
approximately  proportional  to  the  square  of  the  energy 
due  to  the  Debye-Waller  factor;  thus  intensities  will 
be  low  with  x-rays,  and  the  time  for  measurement  long. 

Despite  this  hoard  of  successes,  three  main  problems  remain. 
For  accuracy  (not  precision)  the  actual  x-ray  elastic  constants 
must  be  measured  for  the  diffraction  peak  employed,  by  applying 
known  stresses.  This  is,  in  effect,  a  calibration  and  (as  with  the 
other  methods)  is  not  a  special  problem.  It  is  troublesome,  how¬ 
ever,  that  there  are  reports  in  the  literature  of  changes  of  20-40 
pet  in  these  constants  with  plastic  deformation.  In  a  practical 
sense  this  is  still  not  a  problem  because  the  calibration  should 
be  made  on  a  specimen  as  identical  to  the  real  one  as  possible. 
However,  it  would  be  best  if  the  reason  for  these  changes  were 
understood.  Secondly,  even  if  measured  elastic  constants  are 
employed  significant  differences  in  the  stress  are  obtained  with 
different  diffraction  peaks.  Why? 

A  final  problem  is  that  if  the  material  is  quite  coarse 
grained,  as  in  a  casting  or  weld,  the  diffraction  peak  can  vary 
considerably  over  the  area  of  interest,  simply  because  only  a  small 
number  of  grains  is  diffracting.  In  the  appendix  we  show  one  way 
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this  problem  can  be  cured,  by  simply  measuring  in  one  grain,. 

The  diffraction  method  has  one  feature  which  is  simultaneously 
an  advantage  and  a  disadvantage.  The  averaging  distance  is  the  size 
of  a  subgrain,  whereas  the  other  methods  average  over  much  larger 
distances.  In  a  multi-phase  material  the  stresses  in  one  phase  may 
not  sum  to  zero  over  the  sample  volume,  because  part  of  the  load  is 
supported  by  the  other  phases.  The  stress  in  these  other  phases  can 
also  be  measured,  and  more  work  of  this  kind  is  sorely  needed. 

Discussions  are  underway  in  the  U.S.  to  develop  standard  pro¬ 
cedures  for  all  these  techniques.  Undoubtedly  this  will  be  helpful, 
because  much  can  be  learned  about  the  remaining  problems  in  develop¬ 
ing  these  standards,  and  in  using  them. 
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APPENDIX 

We  consider  the  determination  by  diffraction  of  the  three-di¬ 
mensional  stress  tensor  for  a  single  crystal  or  grain  in  a  coarse 
grained  specimen.  The  orthonormal  co-ordinate  system  is  illustra¬ 
ted  in  Fig.  A-l;  the  S±  define  the  sample,  with  Sj,  S 2  in  the  sur¬ 
face  and  S3  normal  to  it,  whereas  the  measurement  for  an  hk l  plane 
is  made  along  L3 .  The  axis  L2  is  in  the  plane  defined  by  S\  and 
S2  and  the  axis  is  the  vector  cross  product  L2  and  L3.  Strains 
in  the  axial  system  will  be  primed,  those  in  the  P^,  unprimed.  A 
normal  to  a  plane  is  uniquely  defined  by  the  angles  The  direc¬ 

tion  cosines  that  link  the  axes  to  L*,  (that  is  the  axes  in 
terms  of  Si)  form  a  matrix: 


Si 

S2 

s3 

(Ll)Xi|< 

COStyCOSX  . 

sin$cosx 

cos  (90u+x) 

(L2\* 

cos  (90°+$) 

cos$ 

cos  90° 

(A-l) 

(VX* 

cos$cos (90° -x) 

cos (90°-$) 

cos  x 

As  the  strains  (e^j)  are  a  rank  2  tensor: 

€ij*  aik  aj X  €kX. 

Therefore : 


1 


(A-3) 


M  s,(e33)x>$-€11cosa$sin2x-N:12sin2$8in2x+€13Cos$sin  2X 

+  «22sln2$sinax+e23sin§8in  2x+e33cos2x. 

With  six  or  more  independent  reflections  for  which  can  be 
calculated  (or  experimentally  measured  since  stress  may  cause  them 
to  change),  the  six  unknown  can  be  obtained.  These  can  then  be 
referred  to  the  crystal  axes  using  Eqn.  A-2  and  the  direction  co¬ 
sines  between  the  axes  and  the  crystal  basis.  The  stresses  in 
the  crystal  axial  system  can  be  obtained  from: 


®ij  "  cijta  eki. 


(A-4) 


These  may  be  referred  back  to  the  axes  by  the  inverse  of 
Eqn.  A-2  (with  replacing  g^). 


In  many  cases  cr  *  a 23  *  0^3  *  that  is,  there  are  stresses 
only  in  the  surface  plane.  We  assume  that  the  co-ordinates  are 
along  the  principal  axes.  Then: 


e33*  *  S33kX^ki^  * 

and  to  obtain  the  S'  from  S' 1  in  the  crystal  axial  system: 


(A-5) 


S!  ..  .  a  a,  a  S'  ' 
ijk J,  im  jn  ko  ^p  mnop 


Also: 

Employing  Eqn's  A-5  to  A-7  for  this  special  case: 


®ij*aikaj£°ia  * 


(A-6) 

(A-7) 


633 Aan+B<J22’  (A"8) 

where:  A*S3^cos3$cos3x  "  (S36/2)  s*-n  2§cosx  +(S33y2)cos3$sin2x 

+  S^sin3*  -(S34y/2)sin  2$  sinx+S^cos2*  sin2x,  (A-9) 
and:  B  *  S^sin2^  cos2x  +  (S3fc/2)sl,n  2$  cosx  +(S35/2)sin2 $sin2x 
+  S^2  cos2f  +(S^4/2)sin  2i  sinx  +S^3sin2#sin2x. 

As  a  practical  example,  consider  a  Si  wafer  with  a  (111)  plane 
as  the  surface.  The  stress  in  such  wafers  can  be  important  in 
processing  electronic  devices.  A  stereographic  projection  is  shown 
in  Fig.  A-2.  The  "d"  spacing  of  the  513  reflection  is  0.918  A. 
and,  with  CoK^,  20*154°,  so  that  the  diffraction  peak  occurs  at  high 
angles  where  precision  is  good.  In  fact  this  angle  is  very  similar 
to  the  value  employed  for  steel.  The  513  and  153  reflections  are 
57.1°  apart  and  a  simple  tilt  suffices  to  cause  either  reflection. 


15 


'Figure  Ai.  The  axial  system. 


Figure  A2.  A  cubic  crystal 
with  [Hi]  normal  to  its 
face . 
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